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QUASI-ANALYTIC PROPERTIES OF THE KAM CURVE
Frank Trujillo
IMJ-PRG, Universite´ de Paris
Paris, France
Abstract. Classical KAM theory guarantees the existence of a positive mea-
sure set of invariant tori for sufficiently smooth non-degenerate near-integrable
systems. When seen as a function of the frequency this invariant collection of
tori is called the KAM curve of the system. Restricted to analytic regularity,
we obtain strong quasi-analyticity properties for these objects. In particular,
we prove that KAM curves completely characterize the underlying systems.
We also show some of the dynamical implications on systems whose KAM
curves share certain common features.
1. Introduction
1.1. Motivation. Consider the analytic standard family of symplectic transforma-
tions given by
Fǫ,ϕ : Tˆ R Ñ Tˆ R
pθ, Iq ÞÑ pθ ` I ` ǫϕpθq, I ` ǫϕpθqq
where ǫ P R and ϕ P CωpT,Rq has zero mean value. For ϕ fixed and for any γ, τ ą 0
the classical KAM theorem guarantees that for any ǫ verifying
|ǫ| ă ǫ0pϕ, γ, τq,
where ǫ0pϕ, γ, τq is a positive constant given by the theorem, there exist a collection
tTωuωPΩ of invariant curves for the mapping Fǫ,ϕ whose rotation numbers are in
bijection with the set DCpγ, τq of Diophantine numbers of type pγ, τq, namely, with
the set of real numbers ω verifying
|qω ´ p| ě
γ
|q|τ`1
, for all p, q P Z, q ‰ 0.
Recall that for any γ, τ ą 0, DCpγ, τq is a Cantor set of positive Lebesgue measure in
R. Since the invariant curves tTωuωPΩ are actually graphs of mappings in C
ωpT,Rq
this collection can be encoded as a function
TFǫ,ϕ : DCpγ, τq Ñ C
ωpT,Rq
depending only on the rotation number of the invariant curves. Following [4], we
call TFǫ,ϕ the KAM curve associated to Fǫ,ϕ. This construction can be made in a
much more general perturbative setting but, for the sake of clarity, we postpone
its formal definition to Section 3 and momentarily restrict ourselves to the analytic
standard family.
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Notice that the KAM curve TFǫ,ϕ is only defined over a Cantor set and thus its
differentiability properties are better understood in terms of Whitney smoothness,
that is, wether or not the function admits a smooth extension to an open neigh-
bourhood of its initial domain. For this particular example, it follows from the
results of Z. Shang [9] that TFǫ,ϕ is in fact C
8 smooth in the sense of Whitney.
We point out that Shang’s result holds in a much more general setting and that
analogous results had been previously stablished by V. Lazutkin [7] in the context
of convex billiards and by J. Po¨schel [8] in the Hamiltonian setting (see Section 3
for the definition of KAM curves of Hamiltonians).
In [4] C. Carminati et al. showed that KAM curves for the analytic standard
family Fǫ,ϕ are not only smooth in the sense of Whitney but they also admit, in
a natural way, a unique extension to certain space of holomorphic functions. One
of the main interests of these extensions comes from the quasi-analytic properties
of such spaces. As a particular application of these properties, one can deduce the
following.
Proposition 1.1. Let ϕ, ψ P CωpT,Rq and ǫ ă mintǫ0pϕ, γ, τq, ǫ0pψ, γ, τqu where
ǫ0 denotes the constants given by the KAM theorem. If the two KAM curves TFǫ,ϕ
and TFǫ,ψ coincide on a set Γ Ă DCpγ, τq of positive measure then TFǫ,ϕ “ TFǫ,ψ .
Quoting the authors in [4], “the knowledge of parametrizations of invariant tori
on a set of positive measure of rotation numbers is sufficient to determine all the
parametrized KAM curves”. Let us point out that in general the KAM curves are
not analytic since this would imply the complete integrability of the system, that is,
the space would be completely foliated by invariant tori. Nevertheless, as shown by
Proposition 1.1, the KAM curves do preserve (in a weak sense) some of the classical
properties of analyticity. In [4] the authors suggest that an analogous of the quasi-
analytic extension of the KAM curves and its uniqueness properties should exist
for general near-integrable systems, i.e. for perturbations of completely integrable
systems, in any dimension.
In this paper we show part of their intuition correct by proving that for gen-
eral near-integrable systems the associated KAM curves do exhibit strong quasi-
analyticity properties. We explore how and to what extent some of the properties
of the KAM curve TF characterize a general near-integrable analytic system F .
We will tackle this question in both the discrete (exact symplectic transformations)
and continuous (Hamiltonian flows) cases. The techniques we employ are different
from those in [4] and do not make use of the aforementioned quasi-analytic ex-
tension. Nevertheless, this approach will allow us to conclude stronger uniqueness
properties.
1.2. The generalized standard family. Before going any deeper in the discus-
sion we would like to stress the need to deal with general near-integrable systems
when considering only uniqueness properties of the KAM curve and not the exten-
sions proposed in [4]. In fact, a much stronger conclusion than that of Proposition
1.1 holds for the generalized standard family of exact symplectic maps on the d-
dimensional cylinder Td ˆ Rd which is defined as
Sϕpθ, Iq “ pθ ` I ` ϕpθq, I ` ϕpθqq,
where ϕ P C1pTd,Rdq is of the form ϕ “ ∇V for some V P C2pTd,Rq.
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Proposition 1.2. Let ϕ, ψ P C1pTd,Rdq and γ P CpTd,Rq. Suppose that the graph
of γ is invariant under Sϕ and Sψ. Then ϕ “ ψ.
Proof. Let π1, π2 denote the projections of T
d ˆ Rd onto Td and Rd respectively.
Define γ : Td Ñ Td ˆ Rd and g : Td Ñ Td as
γpθq “ pθ, γpθqq, gpθq “ pπ1 ˝ Sϕ ˝ γqpθq.
The function g is clearly a torus homeomorphism. By the invariance of the graph
of γ it follows that
Sϕ ˝ γ “ γ ˝ g,
which implies
idTd `γ ` ϕ “ g, γ ` ϕ “ γ ˝ g.
Then g´1 “ id´γ and thus ϕ is uniquely defined by γ. Since the same holds if we
replace ϕ by ψ in the previous argument it is clear that ϕ “ ψ. 
1.3. Description of the results. After recalling in Section 2.1 some of the basic
concepts from symplectic geometry that will be used throughout this paper we
introduce the notion of C8-uniqueness set, which is simply the analogous in higher
dimensions of what a set with an accumulation point is for analytic functions of
one variable (see Section 2.2 for a precise definition and some of its properties).
The formal definition of the KAM curve for general near-integrable systems is
given at the beginning of Sections 3.2 and 3.3 for exact symplectic transformations
and Hamiltonian flows respectively. We show in Theorems 3.2 and 3.5, for discrete
and continuous analytic systems respectively, that whenever two KAM curves coin-
cide on a C8-uniqueness set not only the KAM curves but the underlying systems
themselves must be equal. Let us point out that being a C8-uniqueness set is a
much weaker condition than having positive Lebesgue measure. In fact, Proposition
2.4 provides examples of countable C8-uniqueness sets in R2.
Also in Theorems 3.2 and 3.5 and under the weaker assumption that the image
of the KAM curves of two near-integrable systems intersect on a C8-uniqueness
set, i.e. the systems share many of the invariant tori but no assumption on the
restricted dynamics is made, we show that the systems must necessarily commute.
Finally, restricted to Hamiltonian systems, we refine the previous result by study-
ing the implications of different assumptions on the restricted dynamics of the com-
mon invariant tori. If the rotation vectors on these tori are collinear, the last asser-
tion in Theorem 3.5 shows that one of the flows is actually a time reparametrization
of the other. On the other hand, if these rotation vectors are not collinear and the
system has two degrees of freedom then both Hamiltonians can be simultaneously
conjugated by an analytic symplectic transformation to completely integrable sys-
tems. This will be a consequence of Theorem 3.6.
2. Preliminaries
2.1. Symplectic geometry. Let us recall some of the rudiments of symplectic
geometry. For proofs and a complete introduction to the subject we refer the
reader to [3].
A smooth manifold M of dimension 2d endowed with a closed, non-degenerated
2-form ω is called a symplectic manifold. We will sometimes explicit dimension of
M by writing M2d. For any open set U Ă M the pair pU, ωM |U q is a symplectic
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manifold. A submanifold L Ă M is said to be Lagrangian if the restriction of the
symplectic form to L is equal to zero and dimpLq “ 1
2
dimpMq.
A smooth function on M is called a Hamiltonian. Every Hamiltonian H defines
a unique smooth vector field XH obeying
iXHω “ dH,
where iXHω is the 1´ form on M given by
iXHωppqpvpq “ ωpXHppq, vpq.
We say that XH is the Hamiltonian vector field of H and we denote its flow by Φ
t
H .
The Poisson bracket tH,Lu of two Hamiltonians is defined by
tH,Lu “ XHpLq.
Whenever tH,Lu “ 0 we say that the functions H,L are in involution. A diffeo-
morphism Ψ : N Ñ M between two symplectic manifolds pN,ωN q and pM,ωM q is
said to be symplectic if
ψ˚pωM q “ ωN ,
where ψ˚pωM q denotes the pull-back of ωM by ψ. A symplectic manifold pM,ωq is
said to be exact if the form ω is exact, that is, if there exist a 1-form α such that
ω “ dα.
A diffeomorphism ψ : N Ñ M between two exact symplectic manifolds pN, dαN q
and pM,dαM q is said to be exact symplectic if
ψ˚pαM q “ αN .
In particular, every exact symplectic mapping is symplectic. In the following propo-
sition we recall some of the properties of Hamiltonian vector fields.
Proposition 2.1. Let pM,ωM q, pN,ωN q symplectic manifolds, Σ : N Ñ M a
symplectomorphism and H P C8pM,Rq. Denote H “ H ˝ Σ. The following holds:
(1) H is constant along the solutions of XH .
(2) For all t0 P R for which the flow Φ
t0
H is well defined the mapping Ψ “ Φ
t0
H
is symplectic. Furthermore, if M is exact then Ψ is exact symplectic.
(3) For all t P R for which the flows ΦtH ,Φ
t
H
are well defined
DΣ ¨XH “ XH ˝ Σ, Σ ˝ Φ
t
H “ Φ
t
H ˝ Σ.
(4) For all L P C8pMq
tH ˝ Σ, L ˝Σu “ tH,Lu ˝ Σ, rXH , XLs “ XtH,Lu,
where r¨, ¨s denotes the Lie bracket. In particular, the flows ΦtH , Φ
t
L com-
mute if and only if tH,Lu “ 0.
A system on a symplectic manifold M2d (Hamiltonian flow or symplectomor-
phism) is said to be integrable if there exist functions f1, f2, . . . , fd P C
8pM,Rq
such that:
(1) f1, . . . , fd are invariant by the system,
(2) f1, f2, . . . , fd are generically independent, i.e., df1, . . . , dfn are linearly in-
dependent almost everywhere,
(3) fi, fj are in involution (i.e. tfi, fju “ 0) for every i, j “ 1, . . . , d.
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Functions invariant by the system are called integrals of the system. For in-
tegrable systems and under fairly general conditions the Arnold-Liouville-Mineur
theorem assures that we can locally describe the dynamics of the system in a sim-
plified set of coordinates known as angle-action coordinates.
Theorem 2.2 (Arnold-Liouville-Mineur). Let pM2d, ωq be a symplectic manifold
and let f1, f2, . . . , fd P C
8pM,Rq be d generically independent functions. Consider
F “ pf1, . . . , fdq and suppose 0 P R
d is a regular value of F and M0 is a compact
connected component of F´1p0q. Then there exists an open neighbourhood U of M0
and a symplectomorphism
ψ : U Ñ Td ˆB,
where B is an open ball centred at the origin and Td ˆ B is endowed with the
canonical symplectic form dθ ^ dI, such that F ˝ ψ´1 depends only on I.
The new coordinates θi and Ii are called angle and action coordinates respec-
tively. For a proof of this theorem we refer the reader to [1].
By the previous theorem, for any integrable Hamiltonian H P C8pM,Rq there
exists (locally) a symplectic change of coordinates ψ : U ĂM Ñ Td ˆB such that
the Hamiltonian flow associated to h “ H ˝Ψ is given by
(1) pt, θ, Iq ÞÑ pθ ` t∇hpIq, Iq.
Similarly, for any smooth symplectomorphism Σ : M Ñ M there exists (locally) a
symplectic change of coordinates ψ : U Ă M Ñ Td ˆ B such that ψ´1pTd ˆ tI0uq
is invariant for all I0 P B. Thus
ψ ˝ Σ ˝ ψ´1pθ, Iq “ pgpθ, Iq, Iq,
for some smooth function g. Since the RHS transformation in the previous equation
is symplectic, g must be of the form
gpθ, Iq “ θ ` σpIq
for some smooth function σ. Therefore
(2) ψ ˝ Σ ˝ ψ´1pθ, Iq “ pθ ` σpIq, Iq.
Since the symplectic change of coordinates ψ establishes a conjugacy with the initial
system, the Arnold-Liouville-Mineur theorem asserts that every integrable system
(Hamiltonian flow or symplectomorphism) is locally equivalent to a system of the
form (1) or (2) defined over Td ˆ B Ă Td ˆ Rd and endowed with its canonical
symplectic form.
Since in this work we will only be interested in perturbations of integrable sys-
tems and in the persistence of local phenomena, in the following we only consider
only systems defined over TdˆB Ă TdˆRd, endowed with its canonical symplectic
form, and we will refer to integrability of the system as wether or not the system
can be symplectically conjugated to the form (1) or (2).
2.2. Uniqueness sets. LetM be a manifold and p PM . We say that a setK ĂM
is a C8-uniqueness set at p if for all C8 functions defined on an open connected
neighbourhood of K such that
f |K“ 0
f and its derivatives of all orders are equal to zero at p, that is, f is flat at p. Notice
that in dimension one a C8-uniqueness set at p is simply a set that accumulates
at p.
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The next proposition provides some of the properties of C8-uniqueness sets that
will be used along the paper.
Proposition 2.3. Let M1,M2 be smooth manifolds. Let pi P Ki Ă Mi, i “ 1, 2.
The following holds:
(1) If LebpK1q ą 0 then K1 is a C
8-uniqueness set for almost all p P K1.
(2) If K1,K2 are C
8-uniqueness set at p1 and p2 respectively then K1 ˆK2 Ă
M1 ˆM2 is a C
8-uniqueness set at pp1, p2q.
(3) Let U be an open neighbourhood of K1. If h : U Ă M1 Ñ M2 is a smooth
diffeomorphism to its image then hpK1q is a C
8-uniqueness set at hpp1q.
Proof. We suppose WLOG thatM1 “ R
m,M2 “ R
n. We denote by µ the Lebesgue
measure on M1.
1 . For a full measure set K Ă K1
lim
rÑ0
µpBrpxq XK1q
µpBrpxqq
“ 1,
for all x P K. This easily implies that ∇fpxq “ 0 for all x P K. A simple inductive
argument shows the assertion.
2 . Let f P C8pRm ˆ Rn,Rq and pα, βq P Nm ˆ Nn. Then
Bαfpp1, yq “ 0.
for all y P K2. Hence
BβBαfpp1, p2q “ 0,
which proves the assertion.
3 . Notice that for all f P C8pRnq, f is flat at hpp1q if and only if f ˝ h
´1 is flat
at p1. 
Positive measure is a sufficient condition for a set to be of uniqueness but it is
far from being necessary. In the following given a set A Ă Rn we denote by A1 the
set of accumulation points of K.
Proposition 2.4. Let K Ă R2 such that K 1 “ t0u and denote
A :“
"
p
|p|
ˇˇˇˇ
p P K z t0u
*
.
If A1 is infinite then K is a C8-uniqueness set at 0.
Proof. Let f P C8pR2,Rq such that f |K“ 0 and suppose that f is not flat at 0.
Then there exist N ą 1, N ě k0 ě 0 and C ą 0 such that
fpx, yq “
1
N !
Nÿ
k“k0
BkxB
N´kf
y p0qx
kyN´k ` FN px, yq
with
a :“ Bk0x B
N´k0
y fp0q ‰ 0
and
|FN px, yq| ď C|px, yq|
N`1
for all px, yq P B1p0q. Up to composition with a rotation we can suppose WLOG
that for all m P N there exist sequences
`
x
pmq
n
˘
nPN
,
`
y
pmq
n
˘
nPN
in K such that
|xpmqn |, |y
pmq
n |
nÑ8
ÝÝÝÑ 0,
|x
pmq
n |
|y
pmq
n |
nÑ8
ÝÝÝÑ λm, λm Œ 0.
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Then
0 “
ˇˇˇˇ
ˇN !f
`
x
pmq
n , y
pmq
n
˘`
y
pmq
n
˘N
ˇˇˇˇ
ˇ
ě
ˇˇˇˇ
ˇˇa
˜
x
pmq
n
y
pmq
n
¸k0 ˇˇˇˇˇˇ´
ˇˇˇˇ
ˇˇ
˜
x
pmq
n
y
pmq
n
¸k0`1 Nÿ
kąk0
˜
x
pmq
n
y
pmq
n
¸N´k0´1
BN´kx B
k
yfp0q
ˇˇˇˇ
ˇˇ
´ CN !
ˇˇˇ`
xpmqn , y
pmq
n
˘ˇˇˇ ˇˇˇˇˇ
˜
x
pmq
n
y
pmq
n
, 1
¸ˇˇˇˇ
ˇ
N
nÑ8
ÝÝÝÑ |a|λk0m ´ λ
k0`1
m
Nÿ
kąk0
λN´k0´1m
ˇˇ
BN´kx B
k
yfp0q
ˇˇ
.
As the last expression is positive for m sufficiently large this is a contradiction. 
Similar conditions show the existence of countable C8-uniqueness sets in any
dimension. We finish this section with a simple remark on the composition of
analytic maps.
Lemma 2.5. Let F, G, Φ, Ψ be C8 diffeomorphisms defined on open, connected
neighbourhoods of Tdˆt0u Ă TdˆRd. Suppose that F, G are analytic and that the
compositions
F :“ Ψ ˝ F ˝ Φ, G :“ Ψ ˝G ˝ Φ,
are well defined. If F “ G`O8pIq then F “ G.
Proof. Let F “ G ` H. Up to consider appropriate liftings of F, G, Φ, Ψ, which
as an abuse of notation we will denote by the same letters, we can suppose WLOG
that F ,G,H : Rd ˆ U Ñ Rd ˆ Rd for some open neighbourhood U Ă Rd and that
H “ O8pIq. Then for any pθ, Iq P Rd ˆ U
F pθ, Iq “ Ψ´1 ˝ pΨ ˝G`H ˝ Φ´1qpθ, Iq
“ Gpθ, Iq `
ż 1
0
DΨ´1pΨ ˝Gpθ, Iq ` tH ˝ Φ´1pθ, IqqH ˝ Φ´1pθ, Iqdt.
Since H ˝Φ´1 is flat at ΦpRdˆt0uq and F, G are analytic it follows that F “ G. 
3. The KAM curve
Let us start this section by introducing some of the notations that will appear
in the rest of the paper.
3.1. Notations. Given z P C we denote its modulus by |z|. For z P Cd we denote
|z| “
a
|z1|2 ` ¨ ¨ ¨ ` |zd|2.
Given s ą 0 and d P N denote
Bds “
 
z P Rd
ˇˇ
|z| ă s
(
, Dds “
 
z P Cd
ˇˇ
|z| ă s
(
, Tds “
`
D1s{Z
˘d
.
For any f : U Ă Cd Ñ Cn we denote its sup-norm by
}f}U “ sup
zPU
|fpzq|.
Let K Ă Rd closed. Given f : K Ă Rd Ñ Rn we say that f is C8 smooth in
the sense of Whitney if there exist an open neighbourhood U of K and a function
8 FRANK TRUJILLO
rf P C8pU,Rnq such that rf |K“ f. We denote the set of C8 Whitney-smooth
functions on K and taking values on Rn by C8pK,Rnq. In other words
C8pK,Rnq “
ď
KĂU
C8pU,Rnq,
where the union is taken over all the open neighbourhoods U Ă Rd of K. Similarly,
we denote by Symp8pTd ˆK,Td ˆ Rdq the set of C8 Whitney-smooth functions
on TdˆK taking values in TdˆRd that admit a smooth extension to a symplectic
embedding of some open neighbourhood TdˆU Ă TdˆRd of TdˆK into TdˆRd.
Given z P Cd we denote
}z} “ min
kPZd
|z ´ k|.
Given γ, τ ą 0 we say that ω P Rd is Diophantine of type pγ, τq if it satisfies
}xω, ky} ě
γ
|k|d`τ
for all k P Zd z t0u.
We denote the set of Diophantine numbers of type pγ, τq by DCdpγ, τq. Recall
that for any γ, τ ą 0 the set DCdpγ, τq has positive Lebesgue measure and for any
bounded open set Ω Ă Rd
LebpDCdpγ, τq X Ωq
γÑ0
ÝÝÝÑ LebpΩq.
For any γ, τ ą 0 and any open bounded set Ω Ă Rd we define
Ωτγ :“ tω P Ω | ω P DCdpγ, τq, dpω, BΩq ą γu.
Given f : Td Ñ C we will denote its average over Td by rf s.
3.2. Exact symplectic maps. As mentioned in the introduction, the KAM curve
associated to a sufficiently small perturbation of a non-degenerate integrable system
consists of the collection of invariant tori given by the KAM theorem when encoded
as a function of the Diophantine frequencies. To formalize the definition we state a
simplified version of the KAM theorem for exact symplectic transformations found
in [9].
To simplify the exposition, let us start by introducing a suitable space of trans-
formations. As we will be interested in analytic symplectic transformations defined
on domains of the form TdˆBds it is useful to consider the space of symplectic trans-
formations defined on a fixed complex neighbourhood of Td ˆ Bds . Given r, s ą 0,
d P N we define the space of exact symplectic embeddings of Tdr ˆ D
d
s as
SEdr,s “
"
F : Tdr ˆ D
d
s Ñ T
d
8 ˆ C
d
ˇˇˇˇ
F is real analytic and F |TdˆBds
is an exact symplectic embedding.
*
We endow SEdr,s with the C
0-topology.
Theorem 3.1 (KAM theorem for symplectomorphisms). Let r, s ą 0 and d P N.
Suppose S0 : D
d
s Ñ C real analytic such that BIS0 |Dds is a diffeomorphism onto its
image and
}B2IS0}Dds , }B
2
IS
´1
0 }Dds ă `8.
Denote by F0 the associated exact symplectic map in SE
d
r,s given by
F0pθ, Iq “ pθ ` BIS0pIq, Iq
and let
Ω “ BIS0pB
d
sq.
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Given γ, τ ą 0 there exists an open neighbourhood Uγ,τ of F0 in SE
d
r,s such that for
any F P Uγ,τ there exist a Cantor set K Ă B
d
s and Whitney smooth functions
S P C8pK,Rq, Σ P Symp8pTd ˆK,Td ˆ Rdq,
such that BIS : K Ñ Ω
τ
γ is a bijection and
Σ´1 ˝ F ˝ Σ |TdˆK pθ, Iq “ pθ ` BISpIq, Iq.
Using the notations in the previous theorem, it follows that for any F P Uγ,τ and
for all ω P Ωτγ the graph of
uω : T
d Ñ Rd
θ ÞÑ Σpθ, BIS
´1pωqq
defines an invariant Lagrangian torus Tω for F whose restricted dynamics is con-
jugated to a translation by ω. We encode the collection of invariant tori tTωuωPΩτγ
in the KAM curve TF defined as the Whitney smooth function
TF : Ω
τ
γ Ñ C
8pTdq
ω ÞÑ uω
.
Following [6] we say that a smooth Lagrangian invariant torus whose restricted
dynamics are smoothly conjugated to a translation by a Diophantine vector ω is a
KAM torus with rotation vector ω.
We can now state the main result of this section.
Theorem 3.2. Let F0, Ω, Uγ,τ as in Theorem 3.1. Let F P Uγ,τ and denote by TF
the associated KAM curve. Suppose
G : Td ˆ Bds Ñ T
d ˆ Rd
is an analytic exact symplectic embedding and Γ Ă Ωτγ is a C
8-uniqueness set at
ω0 P Γ. If for all ω P Γ the graph of TF pωq defines an invariant torus Tω for G
then the following holds:
(1) Tω0 is an invariant KAM torus for G.
(2) F and G commute on a neighbourhood of Tω0 .
(3) If Tω is a KAM torus for G with rotation vector ω for all ω P Γ then F “ G.
Proof. Let Σ, S as in Theorem 3.1 when applied to F . We can assume WLOG that
Σ, S are well-defined smooth functions on open neighbourhoods of Td ˆK and K
respectively. Denote
F :“ Σ´1 ˝ F ˝ Σ, G :“ Σ´1 ˝G ˝ Σ.
Let us write F ,G as
F pθ, Iq “ pθ ` SpIq ` f1pθ, Iq, I ` f2pθ, Iqq,
Gpθ, Iq “ pθ ` g1pθ, Iq, I ` g2pθ, Iqq,
where f1, f2, g1, g2 are C
8 functions. Then for all pθ, Iq P Td ˆ BIS
´1pΓq
f1pθ, Iq “ 0, f2pθ, Iq “ 0 “ g2pθ, Iq.
Let us assume WLOG that BIS
´1pω0q “ 0. By Proposition 2.3, T
d ˆ BIS
´1pΓq is
a C8-uniqueness set at pθ, 0q for all θ P Td. Therefore
f1pθ, Iq “ O
8pIq, g2pθ, Iq “ O
8pIq.
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Since G is symplectic it follows that
J “ DG
T
JDG where J “
ˆ
0 Id
´Id 0
˙
2dˆ2d
,
and Id denotes the dˆ d identity matrix. A direct calculation yields to
J “
ˆ
0 Id ` Bθg1
´Id ´BIg1 ` BIg
T
1
˙
`O8pIq.
Hence
Bθg1pθ, Iq “ O
8pIq,
which implies
g1pθ, Iq “ rg1spIq `O
8pIq,
where rg1s denote the average of g1pθ, Iq over T
d. Thus
F pθ, Iq “ pθ ` BISpIq, Iq `O
8pIq,
Gpθ, Iq “ pθ ` rg1spIq, Iq `O
8pIq.
This shows that Td ˆ t0u is a KAM torus for G. Hence Tω0 “ ΣpT
d ˆ t0uq is a
KAM torus for G. Furthermore
F ˝G “ G ˝ F `O8pIq
on a neighbourhood of Td ˆ t0u. By Lemma 2.5 F and G commute on a neigh-
bourhood of Tdˆt0u. To prove the last assertion let us suppose that Tω is a KAM
torus of G with rotation vector ω for all ω P Γ. Then
rg1spIq “ BISpIq `O
8pIq,
and
F “ G`O8pIq.
Hence F “ G by Lemma 2.5. 
Corollary 3.3. Let F0, Uγ,τ as in Theorem 3.1. If F,G P Uγ,τ and TF , TG coincide
on a C8-uniqueness set then F “ G.
3.3. Hamiltonian systems. Let us state a simplified version of the KAM theorem
for Hamiltonians systems found in [8].
Theorem 3.4 (KAM theorem for Hamiltonians). Let r, s ą 0 and d P N. Suppose
H0 : D
d
s Ñ C real analytic such that BIH0 |Dds is a diffeomorphism onto its image
and
}B2IH0}Dds , }B
2
IH
´1
0 }Dds ă `8.
Let
Ω “ BIH0pIq.
Given γ, τ ą 0 there exists an open neighbourhood Uγ,τ of H0 in C
ω
R
pTdr ˆ D
d
s,Cq
such that for any H P Uγ,τ there exist a Cantor set K Ă B
d
s and Whitney smooth
functions
h P C8pK,Rq, Σ P Symp8pTd ˆK,Td ˆ Rdq,
such that BIh : K Ñ Ω
τ
γ is a bijection and
H ˝ Σ |TdˆK pθ, Iq “ hpIq, XH˝Σ |TdˆC pθ, Iq “ pBIhpIq, 0q.
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Similar to the exact symplectic transformations case and using the notations in
the previous theorem, it follows that for any H P Uγ,τ and for all ω P Ω
τ
γ the graph
of
uω : T
d Ñ Rd
θ ÞÑ Σpθ, BIh
´1pωqq
defines an invariant Lagrangian torus Tω for Φ
t
H whose restricted dynamics is
smoothly conjugated to a continuous translation by ω. We encode the collection
of invariant tori tTωuωPΩτγ in the KAM curve TH defined as the Whitney smooth
function
TF : Ω
τ
γ Ñ C
8pTdq
ω ÞÑ uω
.
As before, we say that a smooth Lagrangian invariant torus whose restricted dy-
namics are smoothly conjugated to a discrete translation by a Diophantine vector ω
is a KAM torus with rotation vector ω. The following is an analogous of Theorem
3.2 in the Hamiltonian case.
Theorem 3.5. Let H0, Ω, Uγ,τ as in Theorem 3.4. Let H P Uγ,τ and denote by
TH the associated KAM curve. Suppose
L : Td ˆ Bds Ñ R
is analytic and Γ Ă Ωτγ is a C
8-uniqueness set at ω0 P Γ such that for all ω P Γ the
function THpωq defines an invariant torus Tω for the Hamiltonian flow Φ
t
L. Then
the following holds:
(1) Tω0 is a KAM torus for L with rotation vector ω
L
0 for some ω
L
0 P R
d.
(2) If ωL0 ‖ ω0 then XL ‖ XH on Tω0 .
(3) The flows ΦtH and Φ
t
L commute on a neighbourhood of Tω0 .
(4) If Tω is a KAM torus for L with rotation vector ω
L ‖ ω for all ω P Γ there
exist an analytic function ϕ such that L “ ϕ ˝F on an open neighbourhood
of Tω0 .
Proof. Let Σ, h as in Theorem 3.4 when applied to H . We can assume WLOG that
Σ, h are well-defined smooth functions on open neighbourhoods of Td ˆK and K
respectively. Denote
H “ H ˝ Σ, L “ L ˝ Σ.
Let us suppose WLOG that h´1pω0q “ 0. Since T
dˆh´1pΓq is a C8-uniqueness set
at pθ, 0q for all θ P Td and it is invariant by the Hamiltonian flows Φt
H
, Φt
L
. Then
BθH “ O
8pIq, BθL “ O
8pIq.
Hence
H “ rHspIq `O8pIq, Lpθ, Iq “ rLspIq `O8pIq,
where r¨s denote the average of the function over Td. By definition of h
BIrHspIq “ hpIq `O
8pIq.
Thus
(3)
XHpθ, Iq “ phpIq, 0q `O
8pIq,
XLpθ, Iq “ pBI rLspIq, 0q `O
8pIq.
In particular
(4) XLpθ, 0q “ pBI rLsp0q, 0q.
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Hence Tω0 “ ΣpT
d ˆ t0uq is a KAM torus for L with rotation vector
ωL “ BI rLsp0q,
which proves the first assertion. If ωL ‖ ω0 it follows from (3) that XH ‖ XL
restricted to Tω0 . Thus by Proposition 2.1, the vector fields XH , XL are collinear
on Tω0. This shows the second assertion. To prove the third one recall that the
flows ΦtH , Φ
t
L commute if and only if the Poisson bracket rXH , XLs vanishes. From
(3)
XtH,Lu “ O
8pIq
and by Proposition 2.1
rXH , XLs “ XtH,Lu “ XtH,Lu˝Σ´1 “ DΦ ˝XtH,Lu ˝ Σ
´1.
By Lemma 2.5 it follows that
rXH , XLs “ 0,
that is, Φt
H
and Φt
L
commute on a neighbourhood of Tω0 . To prove the last assertion
let us suppose that Tω is a KAM torus for L with rotation vector ω
L ‖ ω for all
ω P Γ. Then there exist a smooth function γ such that
BI rLspIq “ γpIqhpIq `O
8pIq.
Hence
(5) XH “ γXL `O
8pIq.
Let us show that XH and XL are always collinear, that is
XH “ xXH , XLy
XL
}XL}2
.
By Lemma 2.5 it suffices to show that
XH ˝ Σ “ xXH ˝ Σ, XL ˝ Σy
XL ˝ Σ
}XL ˝ Σ}2
`O8pIq.
Developing the RHS and by (5)
xXH ˝ Σ, XL ˝ Σy
XL ˝ Σ
}XL ˝ Σ}2
“ xDΣ ¨XH, DΣ ¨XLy
DΣ ¨XL
}DΣ ¨XL}2
“ γDΣ ¨XL `O
8pIq
“ DΣ ¨XH `O
8pIq
“ XH ˝ Σ`O
8pIq
Thus XH , XL are everywhere collinear. In particular the level sets of H and L
coincide. Let p P Tω0 and let us suppose WLOG that Hppq “ 0. As H is constant
on every KAM torus it follows that Tω0 Ă H
´1p0q. By the implicit function theorem
there exist an analytic diffeomorphism
Ψ : p´ǫ, ǫq ˆ U Ă Rˆ Rd´1 Ñ W Ă Rd
such that
H ˝Ψpa, vq “ a, Ψp0, 0q “ p.
Since H and L have the same level sets there exists ϕ : p´ǫ, ǫq Ñ R analytic such
that
L ˝Ψpa, vq “ ϕpaq.
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Hence L “ ϕ ˝ H on W , but clearly this equality holds also on the connected
component of Tω0 inside H
´1p´ǫ, ǫq. This completes the proof. 
In the Hamiltonian case a little more can be said for systems sharing a sufficiently
big collection of tori even if the rotation vectors on these tori are not collinear.
Theorem 3.6. Let H0, Ω, Uγ,τ as in Theorem 3.4. Let L1 P Uγ,τ and denote by
TL1 its associated KAM curve. Suppose
L2, . . . , Ld : T
d ˆ Bds Ñ R
are analytic and Γ Ă Ωτγ is a C
8-uniqueness set at ω0 P Γ such that for all ω P Γ
the function TL1pωq defines an invariant torus Tω for the Hamiltonian flow Φ
t
Li
and any i P t1, . . . , du. Denote by ωi the rotation vector of Tω0 under the flow Φ
t
Li
(see Theorem 3.5). If
ω1, ω2, . . . , ωd are linearly independent,
then there exist a symplectic change of coordinates ψ conjugating L1, . . . , Ld simul-
taneously to completely integrable Hamiltonians in a neighbourhood of Tω0 .
Proof. In the following we will show the existence of an analytic change of co-
ordinates ψ, not necessarily symplectic, conjugating simultaneously L1, . . . , Ld to
integrable Hamiltonians. We will discuss in Section 3.4 how this argument can be
adapted to define ψ to be symplectic. This will rely on a ‘Darboux lemma’ for
Lagragian foliations (Proposition 3.9).
Let Σ, h as in Theorem 3.4 when applied to L1. We can assume WLOG that
Σ, h are well-defined smooth functions on open neighbourhoods of Td ˆK and K
respectively. Denote L “ pL1, . . . , Ldq, and define
Ψ : Td ˆ Bds Ñ T
d ˆ Rd
pθ, Iq ÞÑ pθ,Lpθ, Iqq
.
Since the function L is constant on every common invariant torus, for every ω P Γ
there exist an unique vector hpωq P Rd such that
ΨpTωq “ T
d ˆ thpωqu.
An explicit formula for h can be retrieved by means of the function h. Indeed
hpωq “ rL ˝ Σsph´1pωqq.
In particular, h is a Whitney smooth function. Suppose for a moment that Ψ, when
restricted to a sufficiently small neighbourhood of Tdˆt0u, is a symplectomorphism
onto its image and denote
Li “ Li ˝Ψ
´1
for all i “ 1, . . . , d. By Proposition 2.1 the flow generated by the vector field XLi
associated to pLi, ωq is equivalent to the flow generated by the vector field YLi
associated to pLi, pΨ
´1q˚pωqq. By the invariance of Td ˆ hpΓq under the flow given
by YLi it follows that
(6) YLipθ, Iq “ pYipθ, Iq, 0q
for all pθ, Iq P Td ˆ hpΓq and for some analytic function Yi. By Proposition 2.3,
Tdˆ hpΓq is a C8-uniqueness set at pθ, hpω0qq for all θ P T
d. Since Yi is analytic, it
follows that (6) holds for all pθ, Iq, which shows the integrability of the Hamiltonian
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Li. Hence, supposing that Ψ restricted to a sufficiently small neighbourhood of
Td ˆ t0u, the theorem follows by taking ψ “ Ψ´1.
Therefore it suffices to show that Ψ restricted to a sufficiently small neighbour-
hood of Tω0 is a diffeomorphism onto its image. To simplify the notation let us
suppose that h´1pω0q “ 0. Since Tω0 “ ΣpT
dˆt0uq it suffices find a neighbourhood
U of Td ˆ t0u such that Ψ ˝ Σ |U is a diffeomorphism onto its image. Denote
Li “ Li ˝ Σ
for all i “ 1, . . . , d. As the pair L1, Li satisfy the hypotheses of Theorem 3.5 for
i “ 1, . . . , d, equation (4) holds replacing L by Li which yields to
(7) XLipθ, 0q “ pBILipθ, 0q,´BθLipθ, 0qq “ pω
i, 0q
for all θ P Td. Thus
DpΨ ˝ Σqpθ, 0q “
¨˚
˚˝˚˚ Id 0
˚
ω1
ω2
. . .
ωd
‹˛‹‹‹‚
for all θ P Td. By hypotheses ω1, ω2, . . . , ωd are linearly independent which shows
that Ψ˝Σ is a local diffeomorphism on a small neighbourhood U of Tdˆt0u. Since
Ψ ˝ Σ restricted to Td ˆ t0u is injective we can suppose, up to consider a smaller
neighbourhood, that Ψ |U is a diffeomorphism onto its image. This concludes the
proof. 
For d “ 2, Theorems 3.5 and 3.6 imply the following.
Theorem 3.7. For d “ 2 and under the same hypotheses of Theorem 3.5 we have
the following dichotomy:
(1) If ωL ∦ ω0 there exist a symplectomorphism conjugating H and L simulta-
neously to completely integrable systems in a neighbourhood of Tω0 .
(2) If ωL ‖ ω0 the vector fields XH , XL are collinear on Tω0 . Furthermore,
either
K “ ϕ ˝H
in a neighbourhood of Tω0 for some analytic function ϕ or every neighbour-
hood of Tω0 contains open connected sets completely foliated by common
invariant tori of H and L.
Corollary 3.8. Let H0, Uγ,τ as in Theorem 3.4. Suppose H,L P Uγ,τ . If TH “ TL
on a C8-uniqueness set then H “ K.
3.4. Symplectic conjugacy in Theorem 3.6. Let us discuss how to modify the
proof of Theorem 3.6 so that the diffeomorphism conjugating simultaneously the
Hamiltonians is a symplectomorphism. First we adapt a result of H. Eliasson [5,
Proposition 3], a ‘Darboux Lemma’ preserving a Lagrangian foliation.
Proposition 3.9. Let U Ă Rd be an open neighbourhood of 0. Suppose ω is an
exact symplectic form on Td ˆ U such that the foliation F “ tTd ˆ tIuuIPU is
Lagrangian and
(8) ω |Tdˆt0u“ ωstd |Tdˆt0u
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where ωstd denotes the canonical symplectic form in T
d ˆ U . Then there exist an
open neighbourhood V Ă U of Tdˆt0u and an analytic diffeomorphism φ : TdˆV Ñ
Td ˆ V preserving the foliation F and such that
φ˚ω “ ωstd.
Proof. We will define the diffeomorphism φ by applying Moser’s trick. Define
ωt “ ωstd ` tpω ´ ωstdq.
Notice that ω0 “ ωstd and that ωt is symplectic for all t P r0, 1s in some open
neighbourhood U of Td ˆ t0u. We may assume WLOG this neighbourhood to be
U . Let β P Ω1pTd ˆV q be such that dβ “ ω´ω0 and define Xt as the unique time
dependent vector field Xt obeying
(9) iXtωt “ β.
Let α, α0 be primitives of ω, ω0 respectively. We will define β of the form
(10) β “ α´ α0 ´ df,
where f is a real analytic function on Td, so that the time one map φ associated to
the vector field Xt verifies the proposition. Let us denote by φt the flow associated
to Xt. Recall that by Cartan’s magic formula
d
dt
pφ˚t ωtq “ 0.
Thus, assuming φ “ φ1 is well defined, we have
φ˚ω “ φ˚1ω1 “ φ
˚
0ω0 “ ωstd.
Therefore, to prove the proposition it suffices to define f (and hence β) so that the
flow φt preserves the foliation F .
Denote by Xi “
B
Bθi
the coordinate vector fields. Then φt preserves the foliation
F if and only if XtpdIiq is independent of θ for every i “ 1, . . . , d. By (9), the last
condition is satisfied if and only if β depends only on I. In other words, the flow
φt preserves F if and only if βpXiq is constant for every i “ 1, . . . , d.
Denote gi “ pα ´ α0qpXiq and g “ pg1, . . . , gdq. Since we suppose β is of the
form (10) it follows that the flow φt preserves F if and only if
(11) g ´∇f “ constant.
The foliation F being Lagrangian for ω is equivalent to
ωpXi, Xjq “ 0.
Since rXi, Xjs “ 0 this yields to
XjpαpXiqq “ XipαpXjqq.
Note that the previous equations also hold if we replace ω and α by ω0 and α0
respectively. Thus
Bgi
Bθj
“
Bgj
Bθi
.
Hence there exist a function h : Rd Ñ R and constants b, c P Rd such thatrg “ ∇h` b, hpx` eiq “ hpxq ` ci,
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where rg is the lift of g to Rd and e1, . . . , ed denote the canonic base in Rd. Thereforerf : Rd Ñ R given by rfpxq “ hpxq ´ xc, xy
is the lift of a well-defined on Td. Define f as the function induced by rf and
notice that in this case (11) is satisfied. Hence the flow φt preserves the F and the
proposition follows. 
We would like to apply the last result to the symplectic form ω “ ψ˚ωstd where
ψ is the analytic diffeomorphism obtained in the proof of Theorem 3.6. In that case,
ψ ˝ φ would be the desired symplectic map. Nevertheless (8) does not necessarily
holds for ψ˚ωstd and thus Proposition 3.9 cannot be applied. We will fix this by
modifying the diffeomorphism ψ as follows.
Addendum to the proof of Theorem 3.6. Let Σ, h as in Theorem 3.4 when applied
to L1. We can assume WLOG that Σ, h are well-defined smooth functions on open
neighbourhoods of Td ˆK and K respectively and that h´1pω0q “ 0. We denote
Σ “ pΣ1,Σ2q and define g : T
d Ñ Td, γ : Td Ñ Rd by
gpθq :“ Σ1pθ, 0q, γpθq :“ Σ2pΣ
´1
1 pθ, 0qq.
Notice that g P DiffωpTdq because Tω0 “ ΣpT
d ˆ t0uq is a Lagrangian graph and
thus γ P CωpTd,Rdq is well defined. Let φ1, φ2 : T
d ˆ Rd Ñ Td ˆ Rd
φ1pθ, Iq “ pθ, γpθq ` Iq, φ2pθ, Iq “
`
gpθq, Bθg
´1pθqT I
˘
.
These two mappings are symplectic with respect to ωstd, where ωstd denotes the
standard symplectic form in Td ˆ Rd (see [2, Lemma 1.2.4]). Notice that Tω0 “
pφ1 ˝ φ2qpT
d ˆ t0uq. Denote
Li “ Li ˝ Σ, Li :“ Li ˝ φ1 ˝ φ2,
for all i “ 1, ¨ ¨ ¨ , d. Let us recall equation (7)
XLipθ, 0q “ pBILipθ, 0q,´BθLipθ, 0qq “ pω
i, 0q,
which we obtained previously in the proof of Theorem 3.6. It follows that for all
θ P Td and all t P R
pθ ` tωi, 0q “ Φ
t
Li
pθ, 0q
“ Φt
Li˝φ1˝φ
´1
1
˝Σ
pθ, 0q
“
`
Σ´1 ˝ φ1 ˝ Φ
t
Li˝φ1 ˝ φ
´1
1 ˝ Σ
˘
pθ, 0q
“
`
φ´12 ˝ Φ
t
Li˝φ1 ˝ φ2
˘
pθ, 0q
“ Φt
Li
pθ, 0q.
Thus (7) holds if we replace Li by Li, namely
(12) XLipθ, 0q “ pBILipθ, 0q,´BθLipθ, 0qq “ pω
i, 0q.
Let
L “ pL1, . . . , Ldq, M “
¨˚
˚˝ ω
1
ω2
. . .
ωd
‹˛‹‚
´1
,
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and define
Ψ : Td ˆ V Ñ Td ˆ Rd
pθ, Iq ÞÑ pθ,MLpθ, Iqq
where V is a neighbourhood of 0 such that φ1 ˝ φ2pV q Ă I. By (12)
DΨpθ, 0q “ I2d
for all θ P Td. Hence, Ψ is a local diffeomorphism on a neighbourhood U of Tdˆt0u
and, up to consider a smaller neighbourhood, we can suppose WLOG that Ψ |U is
a diffeomorphism to its image. As before, we can show that for all i “ 1, . . . , d the
Hamiltonian flow associated to Li ˝Ψ
´1 preserves all the tori of the form Td ˆ tIu
contained in ΨpUq. Since the Hamiltonian is analytic this implies the complete
integrability of the system. Notice that the symplectic form
ω “
´
Ψ
´1
¯˚
ωstd
satisfies (8). Hence by Proposition 3.9 there exists an analytic diffeomorphism φ,
preserving all the tori of the form TdˆtIu, such that φ˚ω “ ωstd. Thus ψ “ Ψ
´1
˝φ
is the desired symplectic transformation. 
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